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Abstract
We construct the N = 2, D = 9 supergravity theory up to the
quartic fermionic terms and derive the supersymmetry transforma-
tion rules for the fields modulo cubic fermions. We consider a class of
p-brane solutions of this theory, the stainless p-branes, which cannot
be isotropically oxidized into higher dimensions. The new stainless
elementary membrane and elementary particle solutions are found. It
is explicitly verified that these solutions preserve half of the supersym-
metry.
1 Introduction
The recent progress in the understanding of M-theory revived the interest
in the supergravity theories in diverse dimensions. Much work has been
done in constructing and classifying the p-brane solutions to these theories.
However, the extended supergravity in nine dimensions has not yet been fully
constructed and investigated. Purely bosonic N = 2, D = 9 action in the
context of type-II S- and T-duality symmetries has been discussed in [1, 2],
but the full action of the theory and the supersymmetry transformation rules
has not appeared in the literature. The goal of this paper is to fill this gap
and present an explicit construction of the N = 2, D = 9 supergravity up
to the quartic fermionic terms and provide an exhaustive classification of
stainless p-brane solutions of this theory.
With few exceptions, the lower dimensional supergravity theories can be
obtained by dimensional reduction of the eleven dimensional Cremmer-Julia-
Scherk (CJS) supergravity [3]. Some examples of such exceptions in D = 10
are provided by type IIB and massive type IIA supergravity theories [4, 5].
Dimensional reduction of CJS action, apart from massless supergravities,
can also give massive theories in D ≤ 8 [6, 7]. As one descends through the
dimensions to obtain lower dimensional supergravities, a plethora of isotropic
p-brane solutions arises [8, 9, 10]. Solutions of the dimensionally reduced
theory are also solution of the higher-dimensional theory, however, in higher
dimension these solutions may or may not exhibit isotropicity. The solutions
which cannot be isotropically lifted to the higher dimension and, therefore,
cannot be viewed as p-brane solutions in the higher dimension, are called
stainless solutions [11]. The extended N = 2 supergravity in nine dimensions
can be truncated to N = 1 supergravity whose stainless solutions consist of
an elementary particle and a solitonic 5-brane [11]. It turns out that, whilst
the elementary particle remains stainless in N = 2 theory, the solitonic 5-
brane becomes rusty and can be obtained from the type IIA D = 10 solitonic
6-brane. We explain this phenomenon by employing a two-scalar 5-brane
solution of N = 2 supergravity.
The paper is organised as follows. In sections 2, using the ordinary
Scherk-Schwarz dimensional reduction procedure [6], we obtain the bosonic
Lagrangian of N = 2, D = 9 supergravity theory by dimensionally reducing
the eleven-dimensional CJS Lagrangian from eleven directly to nine dimen-
sions. It is of interest to note that in D = 9, unlike D = 8 case [12],
nontrivial group manifolds do not arise. In section 3, we perform an analo-
gous dimensional reduction for fermions and obtain the fermionic part of the
nine-dimensional supergravity up to quartic fermions. The supersymmetry
transformation rules for the bosonic and fermionic fields, modulo trilinear
fermions, are derived in secion 4. In section 5, stainless solutions to the ob-
tained N = 2, D = 9 supergravity are analysed. New stainless elementary
1
particle and elementary membrane solutions are found, and it is shown that
they preserve half of the supersymmetry. A stainless solitonic 6-brane is also
discussed. It is noted that if one is to include type IIB chiral supergrav-
ity into consideration, the solitonic 6-brane and the elementary membrane
solutions become rusty and can be treated as descendants of the type IIB
solitonic 7-brane and self-dual 3-brane in D = 10.
2 Bosonic Sector
The bosonic part of the N = 1, D = 11 supergravity Lagrangian is given by
[3]
L = eˆ
4κ2
Rˆ(ω)− eˆ
48
FˆµˆνˆρˆσˆFˆ
µˆνˆρˆσˆ +
2κ
(12)4
εµˆ1···µˆ11Fˆµˆ1···Fˆ···Aˆ···µˆ11 , (1)
where eˆ = det(eˆ rˆµˆ ), and Fˆµˆνˆρˆσˆ is the field strength associated with the gauge
field Aˆνˆ ρˆσˆ
Fˆµˆνˆρˆσˆ = 4∂[µˆAˆνˆρˆσˆ] . (2)
Here µˆ, νˆ, · · · = 0, 1, · · ·10 are the world indices and the square brackets
represent the antisymmetrization with the unit strength. We take the metric
to be mostly positive and perform the dimensional reduction in the space-like
direction.
The Riemann tensor and the curvature scalar are as follows
Rˆrˆsˆµˆνˆ = ∂µˆ ωˆ
rˆ
νˆ sˆ + ωˆ
rˆ
µˆ tˆ ωˆ
tˆ
νˆ sˆ − (µˆ↔ νˆ), (3)
Rˆ = eˆ µˆrˆ eˆ
tˆ
νˆ Rˆ
rˆ
sˆµˆνˆη
sˆtˆ , (4)
where rˆ, sˆ, · · · = 0, 1, · · · , 10 denote the eleven- dimensional flat indices.
The spin connection is defined by
ωˆ tˆrˆsˆ =
1
2
(eˆ µˆrˆ eˆ
νˆ
sˆ − eˆ µˆsˆ eˆ νˆrˆ )∂µˆeˆ tˆνˆ . (5)
We shall now perform the ordinary Scherk-Schwarz dimensional reduction
of CJS Lagrangian (1) directly to D = 9 dimensions. We begin by dimen-
sionally reducing the Einstein- Hilbert term in (1). It is convenient first to
consider reduction from an arbitrary D+ d to D dimensions, and then apply
obtained formulas to our case where D + d = 11 and D = 9.
The Lorentz invariance of the supergravity theory in D + d dimensions,
enables one to cast the vielbein into the triangular form
eˆ rˆµˆ =
(
eˆ rµ Aˆiµ
0 eˆ iα
)
. (6)
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Here µ, r = 0, 1, · · · , D − 1; α, i = 1, · · · , d, the hatted indices belong to
(D + d)-dimensional space, and Aˆiµ are the vector gauge fields that give rise
to 2-index field strengths in the dimensionally reduced theory.
Then the inverse veilbein is given by
eˆ µˆrˆ =
(
eˆ µr −Aˆαr
0 eˆ αi
)
, (7)
where internal indices are raised and lowered by the metric
gˆαβ = eˆ
i
α eˆ
j
β δij . (8)
The components of the spin-connection ωˆrˆsˆtˆ are given by [6]
ωˆrsj = 12 eˆjαFˆαrs ,
ωˆrij = 12 eˆ
α
i eˆ
µ
r ∂µeˆjα − (i↔ j) ,
ωˆjrs = −ωˆrsj , (9)
ωˆirj = − 12 eˆ αi eˆ βj eˆ µr ∂µgˆαβ ,
where ωrst is the torsion-free spin connection in D dimensions and Fˆαrs =
e µr e
ν
s Fˆαµν with
Fˆαµν = ∂µAˆαν − ∂νAˆαµ. (10)
Using (9), the following general formula for the dimensional reduction of the
Einstein-Hilbert Lagrangian can be obtained [2, 6]:
∫
dD+dxeˆRˆ =
∫
dDx(deteˆ rµ )δ
[
R− 1
4
gˆαβFˆµναFˆβµν (11)
+ 1
4
gˆµν∂µgˆαβ∂ν gˆ
αβ + gˆµν∂µlnδ ∂νlnδ
]
, (12)
where δ = det(eˆ iα ) and R is a Ricci scalar in D dimensions.
We perform the following rescaling [6]
eˆ rµ = δ
γe rµ ,
eˆ iα = δ
1
dL iα , (13)
Aˆαµ = 2κAαµ ,
where L iα is a unimodular matrix detL
i
α = 1, and γ is a free parameter that
determines an exponential prefactor of the Einstein-Hilbert term in a lower
dimensional theory.
As a result of rescaling, the vielbeins are brought to the following form
eˆ rˆµˆ =
(
δγe rµ 2κδ
1
dAαµL iα
0 δ
1
dL iα
)
, eˆ µˆrˆ =
(
δ−γe µr −2κδ−γAαr
0 δ−
1
dL αi
)
. (14)
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Under the rescaling of the type (13), the metric in D dimensions rescales
as gˆµν = δ
2γgµν , and a Ricci scalar changes as
R→ δ−2γ
[
R− 2γ(D− 1)gµν∇µ∇νlnδ − γ2(D − 1)(D− 2)gµν∇µlnδ ∇νlnδ
]
.
(15)
Using (12) and (15), we obtain the expression for the dimensional reduction
of the Einstein-Hilbert action from D + d to D dimensions (for d > 1) that
generalises the result of ref. [6] for the arbitrary value of parameter γ∫
dD+dxeˆRˆ =
∫
dDxeδγ(D−2)+1
[
R− κ2δ−2γ+ 2d gαβFµναFβµν
+β(γ,D, d)gµν∂µlnδ∂ν lnδ + 14g
µν∂µgαβ∂νg
αβ
]
, (16)
where
β ≡ γ2(D − 1)(D − 2) + 2γ(D − 1) + 1− 1
d
(17)
and gαβ = L
i
αL
j
β δij, e = det(e
r
µ ) and eˆ = δ
γD+1e. One, of course, is free
to choose not to rescale the veilbein as (13) and work with the unrescaled
veilbein given by (6). In that case, the expressions above would have to be
taken with γ → 0 and d→∞.
Using (13), the components of the spin connection are obtained [6]
ωˆrst = δ
−γ
[
ωrst + γηrs∂tlnδ − γηrt∂slnδ
]
,
ωˆrsj = κδ
−2γ+ 1
dFrsj ,
ωˆrij = δ
−γQrij ,
ωˆjrs = −ωˆrsj , (18)
ωˆijr = δ
−γ (2Prij + 1dδij∂rlnδ) ,
ωˆijk = 0 ,
where Prij is symmetric and traceless and Qrij is antisymmetric and defined
as
Prij = 12L
α
i ∂rLαj + (i↔ j), Qµij = 12Lαi ∂µLαj − (i↔ j) . (19)
We now turn to CJS Lagrangian (1) and dimensionally reduce it to nine
dimensions by applying the formulas (16)-(19) with D + d = 11 and D =
9. One can identify nine-dimensional gauge fields in terms of the eleven-
dimensional gauge field as follows
Aµνρ = Aˆµνρ ,
Aµνα = Aˆµνα ,
Aµαβ = Aˆµαβ . (20)
It should be remarked here that there is an element of arbitrariness in
defining the gauge field in D = 9. Let us recall that CJS Lagrangian is
4
invariant under the general coordinate transformation [6]. Upon compact-
ification, this symmetry becomes D = 9 general coordinate transformation
and a set of the [U(1)]2 reparametrization transformations. Denoting a pa-
rameter in D = 11 by ξµˆ, one can show that under the ξα-reparametrization
transformation, the gauge fields defined in (20) transform noncovariantly in-
volving derivatives of the parameter ξα. Nevertheless, the supersymmetry
transformation rules and the dimensional reduction procedure is somewhat
simplified by this choice [8, 11]. In order to obtain results in terms of the
covariant gauge fields, used in [6], one has to change conventions by identi-
fying the nine-dimensional gauge fields as Brst = δ
3γAˆrst, Brsi = δ
2γAˆrsi and
Brij = δ
γAˆrij . This amounts to the following redefinitions of the fields:
Bµνρ = Aµνρ − 6κAi[µAνρ]i + 12κ2Ai[µAjνAρ]ij ,
Bµνi = Aµνi − 4κAj[µAνi]j , (21)
Bµij = Aµij .
Dimensionally reducing the field strength, we find
Fˆrstu = δ
−4γ
(
Frstu − 2kFrstiAiu + 4k2FrsijAitAju
)
≡ δ−4γF ′rstu ,
Fˆrsti = δ
−3γ− 1
2
(
Frsti − 4kFrsjiAjt
)
≡ δ−3γ− 12F ′rsti ,
Fˆrsij = δ
−2γ−1Frsij , (22)
Fˆrijk = 0 ,
Fˆijkl = 0 .
Above rules reflect the fact that the field strengths in D = 9 do not
transform covariantly under the U(1) transformations arising from eleven-
dimensional general coordinate transformation. This U(1) reparametrization
invariance should not be confused with another U(1) symmetry which is a
gauge symmetry of the antisymmetric field in D = 9.
In D = 11, the U(1) gauge transformation is given by [6]
δΛAˆµˆνˆρˆ = 3∂[µˆΛνˆρˆ] , (23)
which upon reduction gives the following U(1) gauge transformations
in D = 9:
δΛAµνρ = 3∂[µΛνρ] ,
δΛAµνα = 2∂[µΛν]α , (24)
δΛAµαβ = ∂µΛαβ .
Notice that since we are performing the ordinary dimensional reduction,
none of the fields and parameters in D = 9 depend on extra compactification
coordinates, in other words, all ∂α derivatives are identically zero.
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Turning to the kinetic term for the antisymmetric tensor field in (1) and
performing the straightforward reduction of the field strengths using (22),
we obtain
− e
48
δ9γ+1
(
δ−8γF ′µνρσF
′µνρσ +4δ−6γ−1gαβF
′
µνρ
α
F ′µνρβ +6δ−4γ−2F ′µναβF
′µναβ
)
.
(25)
The interaction term in the bosonic Lagrangian can also be dimensionally
reduced by decomposing summation in the hatted indices
2κ
(12)4
εµ1···µ9εαβ
(
3Fµ1µ2µ3µ4Fµ5µ6µ7µ8Aµ9αβ + 24Fµ1µ2µ3µ4Fµ5µ6µ7αAµ8µ9β
−16Fµ1µ2µ3αFµ4µ5µ6βAµ7µ8µ9 + 12Fµ1µ2µ3µ4Fµ5µ6αβAµ7µ8µ9
)
, (26)
where the totally antisymmetric tensor in nine dimensions is defined as
εµ1···µ9εαβ = εµ1···µ9αβ.
In order to have the canonical normalization of a scalar field kinetic term
in (16), we introduce a dilaton in D dimensions
δ = e
√
−
2
β
κφ
(27)
and choose γ = − 1
D−2
to bring the Einstein-Hilbert term of the reduced
theory to the standard form. A generalized method of dimensional reduction
for this particular choice of parameters was discussed in [6].
Combining (16), (25), (26), and choosing γ = − 1
D−2 = − 17 and δ = e
2
√
7
3
κφ,
we get the bosonic action of the N = 2, D = 9 supergravity [1, 2]
S =
∫
d9xe
[
1
4κ2
R− 1
4
e
6√
7
κφ
gαβFµναFβµν − 12(∂µφ)2 − 14κ2PµijP µij
− 1
48
e
4√
7
κφ
F ′µνρσF
′µνρσ − 1
12
e
−
2√
7
κφ
gαβF
′
µνρ
α
F ′µνρβ
− 1
8
e
−
8√
7
κφ
FµναβF
µναβ + LFFA
]
, (28)
where LFFA is given by (26).
The bosonic action (28) is invariant under the Abelian U(1) gauge trans-
formations (24). We shall consider the supersymmetry and Lorentz invari-
ance of the full N = 2, D = 9 ation in section 4 where the supersymmetry
transformation rules for the fields will be derived.
Using the general expression for dimensional reduction of the Einstein-
Hilbert term (16), one can rewrite the action (28) in the p-brane metric [8]
which appears naturally in the p-brane σ-models and is related to the canon-
ical gravitational matric in D dimensions as gµν(p − brane) = ea/(p+1)gµν ,
with [11]
a2 = ∆− 2(p+ 1)d˜
D − 2 , (29)
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where d˜ = D − p− 3 and ∆ in maximal supergravity theories is equal to 4.
Then for the p-brane metric, the parameter γ is defined by the equation:
2κ(p+ 1)(7γ + 1)(−2/β)1/2 = −(D − 2)a. (30)
In the following, we use the canonical value of γ, which in D = 9 is −1/7.
3 Fermionic sector
We shall now compactify the fermionic part of the elven- dimensional super-
gravity Lagrangian which reads [3]
LF = L(1)F + L(2)F + quartic fermions, (31)
L(1)F =
eˆ
2
ˆ¯ψrˆΓˆ
rˆsˆtˆDˆsˆ(ωˆ)ψˆtˆ , (32)
L(2)F =
κeˆ
98
(
ˆ¯ψrˆΓˆ
rˆsˆtˆuˆvˆwˆψˆsˆ + 12
ˆ¯ψtˆΓˆuˆvˆψˆwˆ
)
Fˆtˆuˆvˆwˆ , (33)
where the covariant derivative is given by
Dˆsˆψˆtˆ = ∂sˆψˆtˆ +
1
4
ωˆsˆuˆvˆΓˆ
uˆvˆψˆtˆ + ωˆsˆtˆ
wˆψˆwˆ . (34)
The covariant derivative (34) commutes with the Γ-matrices: [Dˆsˆ, Γˆrˆ] = 0,
which obey the algebra
[Γˆrˆ, Γˆsˆ] = 2ηrˆsˆ, (35)
where ηrˆsˆ = diag(−++ · · ·+).
The unhatted fermions and Γ-matrices are defined as follows
ψr = ψˆr, ψi = ψˆi ,
Γr = Γˆr, Γi = Γˆi . (36)
The fermions and the Γ-matrices with the world indices are defined by Γˆµ =
eˆ rˆµ Γˆrˆ and ψˆµ = eˆ
rˆ
µ ψˆrˆ, or using (14) and (36),
Γˆµ = e
−
2
3
√
7
κφ
Γµ + 2κe
√
7
3
κφAiµΓi, (37)
ψˆµ = e
−
2
3
√
7
κφ
ψµ + 2κe
√
7
3
κφAiµψi. (38)
In order to bring the reduced Lagrangian to the canonical form, we have to
redefine the fermionic fields
ψr −→
(
ψr − 1
7
ΓrΓ
iχi
)
e
1
3
√
7
κφ
,
ψi −→ χie
1
3
√
7
κφ
. (39)
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In the kinetic term for the fermions, for example, the exponential in (39)
cancels against the corresponding factors coming from the determinant eˆ
and the covariant derivative Dˆsˆ, and the shift of the fermionic field ensures
that the Lagrangian is diagonalised. In the arbitrary dimension D, one has
to make the following redefinitions
ψr −→
(
ψr − 1
D − 2ΓrΓ
iχi
)
δ−
1
2
(γ(D−1)+1), (40)
ψi −→ χiδ− 12 (γ(D−1)+1). (41)
Substituting (34), (36), (39) into (32) and (33), and using the identity
Γ[sΓ
r1···rnΓt] = Γs
r1···rn
t + n(n− 1)δ[r1s Γr2···rn−1δrn]t , (42)
we derive the fermionic part of the N = 2, D = 9 supergravity Lagrangian
L(1)F =
e
2
ψ¯µΓ
µνρDνψρ + e
2
χ¯iΓ
µ
(
1
7
ΓiΓj + δij
)
Dµχj
+
κe
4
e
3√
7
κφF jµν
[
− 1
2
ψ¯ρΓ[ρΓ
µνΓσ]Γ
jψσ + ψ¯ρΓµνΓρ
(
1
7
ΓjΓk + δjk
)
χk
+
1
49
χ¯iΓ
µν
(
−23Γkδij + 59Γjδik
)
χk
]
, (43)
L(2)F =
κe
96
e
2√
7
κφ
F ′µνρσ
[
ψ¯λΓ[λΓ
µνρσΓτ ]ψ
τ +
6
7
ψ¯λΓ
µνρσΓλΓiχi
+χ¯iΓ
µνρσ
(
11
49
ΓiΓj − δij
)
χj
]
+
κe
24
e
−
1√
7
κφ
F ′µνρi
[
− ψ¯λΓ[λΓµνρΓσ]Γiψσ + 2ψ¯λΓµνρΓλ
(
δij − 2
7
ΓiΓj
)
χj
−6
7
χ¯k Gamma
µνρΓk
(
δij − 8
7
ΓiΓj
)
χj
]
+
κe
16
e
−
4√
7
κφ
Fµνij
[
ψ¯λΓ[λΓ
µνΓσ]Γ
ijψσ − 24
7
ψ¯λΓ
µνΓλΓiχj
+2χ¯kΓ
µν
(
16
49
ΓkΓi + δki
)
χj
]
, (44)
where the covariant derivetives Dµψν = e sµ e tν Dsψt and Dµχi = e sµ Dsχi are
defined as
Dsψt = ∂sψt + 14ωsuvΓuvψt + ωst uψu + 14QsijΓijψt, (45)
Dsχj = ∂sχj + 14ωsuvΓuvχj + 14QsikΓikχj +Qsj kχk. (46)
In deriving (43) and (44), we have used the following flipping property of
Majorana spinors in nine dimensions
ψ¯Γr1···rnη = (−1)nη¯Γrn···r1ψ. (47)
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4 Supersymmety transformations
In this section, we obtain the supersymmetry transfomation laws in nine
dimensions. In order to preserve the triangular form of the veilbein eˆ rα = 0,
one has to consider combined Lorentz and supersymmetry transformation
laws. As we shall see, the requirement of the off-diagonal part of the veilbein
be zero, imposes an additional constrain on the Lorentz group parameters.
This, in its turn, affects the supersymetry transformation laws of the fields.
Combining the supersymmetry and the Lorentz tranformation laws in
eleven dimensions, we have [3]
δeˆµˆrˆ = −η¯Γrˆψˆµˆ + Λrˆsˆeˆ sˆµˆ , (48)
δAˆµˆνˆρˆ = − 32 η¯Γˆ[µˆνˆψˆρˆ] , (49)
δψˆµˆ = Dˆµˆη − 1144
(
Γˆνˆρˆσˆγˆ µˆ + 8Γˆ
νˆρˆσˆδγˆµˆ
)
Fˆνˆρˆσˆγˆη + 14ΛrˆsˆΓ
rˆsˆ , (50)
where η is a supersymmetry parameter, Dˆµˆη is a torsion free covariant deriva-
tive, and Λrˆsˆ = −Λsˆrˆ is the Lorentz group parameter.
Redefining the fermionic fields according to (39) and taking different pro-
jections of (48)-(50), we obtain the corresponding transformations in nine
dimensions. The off-diagonal (rα) projection of (48) fixes the (ri) compo-
nent of the Lorentz parameter in terms of the supersymmetry parameter as
follows
Λri = ε¯Γrχi , (51)
where ε = ηe
1
3
√
7
κφ
. Eq.(51) is the necessary condition for the triangular
gauge eˆ rα = 0 to be preserved. Naively, one might expect that the ξ
µ-
reparametrization invariance alone would be sufficient to maintain the trian-
gular gauge of the vielbein. However, the explicit calculation shows that the
reparametrization transformation drops out of the (rα) projection of (48)
altogether and, therefore, cannot modify constrain (51) on the Lorentz pa-
rameter. Substituting (51) into the (rµ) projection of (48), we obtain the
veilbein transformation law
e µs δeµr =
2
3
√
7
κδsr(δφ)− ε¯Γ(rψs) + 17 ε¯Γjχjδrs + Λ′rs , (52)
where symmetrization is performed with the unit strength and Λ′sr is the
redefined local SO(1, 8) Lorentz transformation parameter
Λ′sr = Λsr − ε¯Γ[sψr] + 17 ε¯ΓrsΓjχj . (53)
Remaining two projections of (48) give the transformation rules for the
vector field Aiµ and the internal veilbein L iα :
δAiµ = −
√
7
3
κAiµδφ− 12κ ε¯e−
3√
7
κφ
(
Γiψµ + Γµ(δij + 17Γ
iΓj)χj
)
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−ε¯Γ(iχj)Ajµ + Λ′ijAjµ, (54)
L αj δLαi = −
√
7
3
κδij(δφ)− ε¯Γ(iχj) + Λ′ij , (55)
where the redefined SO(2) Lorentz parameter is
Λ′ij = Λij − ε¯Γ[iχj]. (56)
Tracing (55) with δij, one finds the transformation law for δφ, which upon
substitution into (52), puts the veilbein transformation law into canonical
form. Suppressing the Λ′rs and Λ
′
ij transformations, we obtain the supersym-
metry transformation rules for the bosonic fields:
δe rµ = −ε¯Γrψµ, (57)
δφ = − 3
2
√
7κ
ε¯Γiχi, (58)
L αj δLαi = −ε¯
(
Γ(iχj) − 12δijΓkχk
)
, (59)
δAiµ = Ajµ
(
L αj δLαi
)
− 1
2κ
ε¯e
−
3√
7
kφ
(
Γiψµ + Γµ(δij + 17Γ
iΓj)χj
)
, (60)
δAµαβ = − 12 ε¯e
4√
7
κφ
Γαβψµ − ε¯e
4√
7
κφ
(
8
7
ΓµΓ[α + 3κe
3√
7
κφAγµΓ[γα
)
χβ], (61)
δAµνα = − 12 ε¯e
1√
7
κφ
(
ΓαΓ[µ − 2κe
3√
7
κφ
ΓαγAγ[µ
)
ψν]
− 1
2
ε¯e
1√
7
κφ
Γµν
(
δβα − 27ΓαΓβ
)
χβ
−4κε¯e 4√7κφ
(
6
7
Aγ[µΓν]Γ[αδβγ] + κe
3√
7
κφAγ[µAδν]Γγ[δδβα]
)
χβ , (62)
δAµνρ = − 32 ε¯e−
2√
7
κφ
Γ[µνψρ] + 314 ε¯e
−
2√
7
κφ
ΓµνρΓ
αχα
+6ε¯e
1√
7
κφ
(
ΓαΓ[µAν − κe
3√
7
κφ
ΓαβAα[µAβν
)
ψρ]
−3κε¯e 1√7κφ
(
Γ[µνAαρ](δγα − 27ΓαΓγ) + 247 κe
3√
7
κφAα[µAβνΓρ]Γαδγβ
)
χγ
(63)
Using (34), (36) and (39), and performing the straightforward reduction
of (50), one obtaines the transformation laws for the fermionic fields:
δψµ = Dµε− 128κe
3√
7
κφF iνρ
(
Γµ
νρ + 12Γνδρµ
)
Γiε
− 1
144
e
2√
7
κφ
F ′νρσλ
(
9
7
Γνρσλµ +
48
7
Γνρσδλµ
)
ε
+ 1
42
e
−
1√
7
κφ
F ′νρσj
(
Γνρσµ +
15
2
Γνρδσµ
)
Γjε
− 1
7×24e
−
4√
7
κφ
Fνρij
(
3Γνρµ + 36Γ
νδρµ
)
Γijε + cubics ,
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δχi = − 14κe
3√
7
κφF iµνΓµνε+ (Pµij +
√
7
3
κδij∂µφ)Γ
µΓjε
− 1
144
e
2√
7
κφ
F ′µνρσΓ
µνρσΓiε+ 136e
−
1√
7
κφ
F ′µνρjΓ
µνρ(Γij − 2δij)ε
− 1
6
e
−
4√
7
κφ
FµνjiΓ
µνΓjε + cubics , (64)
where
Dµε = ∂µε+ 14ωµstΓstε+ 14QµijΓijε (65)
5 Stainless p-brane solutions
Most supergravity theories in D < 11 dimensions can be obtained by dimen-
sionally reducing D = 11 supergravity theory. Therefore, solutions of the
dimensionally reduced theory are also solutions of the higher-dimensional
theory. However, in higher dimension these solutions may or may not ex-
hibit isotropicity. The solutions which cannot be isotropically lifted to the
higher dimension and, therefore, cannot be viewed as p-brane solutions in the
higher dimensions, are called stainless solutions [11]. In other words, stain-
less p-branes are genuinely new solutions of the supergravity theory in the
given dimension and should not be treated on the same footing as solutions
which are descendants of the higher dimensional p-branes.
We first briefly review some of the main results on p-brane solutions
[8, 10, 11] and then apply general results to constructing and classifying
stainless p-branes in N = 2, D = 9 theory. The p-brane solutions in general
involve the metric tensor gMN , a dilaton φ and an n-index antisymmetric
tensor FM1M2···Mn . The Lagrangian for these fields takes the form
e−1L = R− 1
2
(∂φ)2 − 1
2n!
e−aφF 2n , (66)
where a is a constant given by (29) [8, 11]. In D = 11, the absence of a
dilaton implies that ∆ = 4. The value of ∆ is preserved under the dimen-
sional reduction procedure and, hence, all antisymmetric tensors in maximal
supergravity theories have ∆ = 4. However, if an antisymmetric tensor used
in a particular p-brane solution is formed from a linear combination of the
original field strengths, then it will have ∆ < 4. An example of this is a
solitonic 5-brane in N = 1, D = 10 supergravity considered below.
We shall be looking for isotropic p-brane solutions for which the metric
ansatz is given by [8, 11]
ds2 = e2Adxµdxνηµν + e
2Bdymdym, (67)
where xµ(µ = 0, · · · , d − 1) are the coordinates of the (d − 1)-brane world
volume, and ym are the coordinates of the (9 − d)-dimensional transverse
space. The functions A and B, also the dilaton φ, depend only on r =
√
ymym.
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This ansatz for the metric preserves an SO(1, d− 1)× SO(9− d) subgroup
of the original SO(1, 8) Lorentz group.
For the elementary p-brane solutions, the ansatz for the field strenght is
given by [8, 11]
Fmµ1···µn−1 = εµ1···µn−1∂me
C , (68)
where εµ1···µn−1 ≡ gµ1ν1 · · · εν1··· with ε012··· = 1, and C is a function of r only.
The dimension of the brane world volume is d = n− 1.
For the solitonic p-brane solution, the ansatz for the antisymmetric tensor
is given by [8, 11]
Fm1···mn = λεm1···mnp
yp
rn+1
, (69)
where λ is a constant and the dimension of the world volume is d = 9−n−1.
The solutions to the equations of motion obtained from the Lagrangian
(66) are given by
A = − 2d˜
∆(D − 2) ln
(
1 +
k
rd˜
)
,
B = −d
d˜
A, φ =
7ǫa
d˜
A , (70)
where
k =
ǫλ
2d˜
√
∆ , (71)
d˜ = D−d−2 and ǫ = 1 (ǫ = −1) for the elementary (solitonic) ansatz. In the
solitonic case, the equation of motion for the field strength is automatically
satisfied, whilst in the elementary case the function C is given by
eC =
2√
∆
(
1 +
k
rd˜
)
−1
. (72)
The solutions (70)-(72) are valid for an n-index fild strength with n > 1.
When n = 1, i.e. d˜ = 0 , there only exists a solitonic solution described by
(70) with kr−d˜ → klogr and d˜→ 0.
Stainlessness of a p-brane solution crucially depends on a degree of the
antisymmtric tensor involved in a solution, and the value of constant a oc-
curring in the exponential prefactor. There are two different situations when
a stainless p-brane solution may arise in a given dimension. In the first sce-
nario, no (D + 1)-dimensional theory contains the necessary field strength
for a brane solution. In particular, if in D dimensions the solution is elemen-
tary, the (D+1)-dimensional theory must have a field strength of degree one
higher than that in D dimensional theory. If it is a solitonic solution, the
(D+ 1)-dimensional theory must contain a field strength of the same degree
as in D dimensional theory. In the second case, the required field strength
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exists in the (D+1)-dimensional theory, but a p-brane is stainless only if the
constant aˆ of a corresponding antisymmtric tensor in (D + 1) dimensions is
not related to the constant a of the D-dimensional theory as [11]
aˆ2 = a2 − 2d˜
2
(D − 1)(D − 2) (73)
It should be noted that in determining whether or not a particular p-brane
solution is stainless, we restrict our attention only to the supergravity theories
which can be obtained from D = 11 supergravity. This, for example, will
lead us to conclude that a solitonic 6-brane and an elementary membrane
in the nine-dimensional theory are stainless. However, if we include type-
IIB theory into consideration, we will see that these p-branes are no longer
stainless and can be isotropically oxidized to the solitonic 7-brane and the
self-dual 3-brane of type IIB supergravity.
In order to consider solutions to the obtained N = 2, D = 9 supergravity
theory, we need to parametrize tensor Pµij in the Lagrangian (28). Since after
separating out the determinant, the internal veilbein has only two degrees of
freedom left, we introduce two scalar fields, ϕ and E, and parametrize the
veilbeins as follows:
Lαi =
(
eκϕ κEe−κϕ
0 e−κϕ
)
, Lαi =
(
e−κϕ −κEe−κϕ
0 eκϕ
)
. (74)
The metric gαβ is given by
gαβ =
(
e2κϕ + 1
4
E2e−2κϕ 1
2
e−2κϕ
1
2
e−2κϕ e−2κϕ
)
. (75)
The internal metric (75) is not diagonal, therefore, the terms in the La-
grangian containing gαβ will not be diagonal as well. To diagonalize the
Lagrangian, the following redefinitions have to be made:
F2
MN
+ EF1
MN
→ F (2)
MN
, F1
MN
→ F (1)
MN
,
F ′
2
MNP
+ EF ′
1
MNP
→ F ′(2)
MNP
, F ′
1
MNP
→ F ′(1)
MNP
. (76)
Here and throughout this subsection M,N, P = 0, · · · , 8 denote the curved
nine-dimensional world volume indices, whilst R, S, T = 0, · · · , 8 denote the
flat indices.
Then the Lagrangian (28) can be written as
e−1L = R− 1
2
(∂φ)2 − 1
2
(∂ϕ)2 − 1
4
e
3√
7
φ+ϕ
(F (1)2 )2 − 14e
3√
7
φ−ϕ
(F (2)2 )2
− 1
2
e2ϕ(H1)
2 + 1
8
e
−
4√
7
φ
(F2)
2 − 1
12
e
−
1√
7
φ+ϕ
(F
′(1)
3 )
2
+ 1
12
e
−
1√
7
φ−ϕ
(F
′(2)
3 )
2 − 1
48
e
2√
7
φ
(F ′4)
2 + LFFA , (77)
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where
F 2n ≡ FM1M2···MnFM1M2···Mn
denotes the square of an n-index field strength, HM = ∂ME and the parameter
κ is set to 1/2.
If in (77) one retains only one field strength and a corresponding dilaton,
which for F (i)2 and F ′(i) is a linear combination of φ and ϕ, one arrives at
the Lagrangian of the form (66). Then general results described above can
be applied to constructing single p-brane solutions in the given supergravity
theory.
It should be noted that for the purposes of finding a purely elementary
or a purely solitonic p-brane solution, the FFA-term in the Lagrangian and
the Chern-Simons modifications of the field strengths can be disregarded
due to the fact that the constraints implied by these terms are automatically
satisfied in D = 9. However, in general, for certain p-brane solutions, the
LFFA term and the Chern-Simons modifications to the field strengths give rise
to nontrivial equations in some dimensions [10]. Good examples illustrating
this point are dyonic p-branes in D = 4 and D = 6 dimensions.
Since our principal interest lies in the stainless p-brane solutions, we have
first to determine which of the p-branes of N = 2, D = 9 supergravity are
stainless. For this, one recalls that the N = 2, D = 10 supergravity contains
a 2-index field strength, a 3-index field strength and a 4-index field stregth
with the aˆ2 values 1, 1
4
, 9
4
respectively. Using the criteria for stainlessness
of a p-brane and the equation (73), we find that the stainless solutions of
N = 2, D = 9 supergravity theory are an elementary particle, an elementary
membrane and a solitonic 6-brane. Applying (70), we obtain the metrics for
these solutions
particle : ds2 =
(
1 +
k
r6
)
−6/7
dt2 +
(
1 +
k
r6
)2/7
dymdym , (78)
membrane : ds2 =
(
1 +
k
r4
)
−4/7
dxµdxνηµν +
(
1 +
k
r4
)3/7
dymdym, (79)
6− brane : ds2 = dxµdxνηµν +
(
1 + klogr
)3/7
dymdym . (80)
It is of interest to note that a solitonic 5-brane, which is stainless as a solution
to N = 1, D = 9 supergravity theory, does not remain stainless in N =
2, D = 9 supergravity. This seeming paradox can be resolved if we consider
details of the truncation of N = 2 to N = 1 supergravity, which contains
a dilaton, a 2-index field strength and a 3-index field strength. One cannot
consistently truncate out either two 2-index antisymmetric tensors or a scalar
field. Nonetheless, it is possible to make a consistent truncation if we first
rotate the scalar fields:
ϕ =
√
7
8
φ1 −
√
1
8
φ2 , φ =
√
1
8
φ1 +
√
7
8
φ2 (81)
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and then set φ2 = F4 = H1 = F
(1)
3 = F (1)2 = 0 which now is consistent
with the equations of motion. Defining F˜2 ≡
√
2F2 =
√
2F (2)2 , we get the
Lagrangian for the bosonic sector of N = 1, D = 9 supergravity [11, 14]:
L = eR− 1
2
e(∂φ1)
2 − 1
12
ee−
√
8
7
φ1(F
(2)
3 )
2 − 1
4
ee−
√
2
7
φ1F˜ 22 . (82)
We now see that to obtain a 5-brane solution described by F˜2 inN = 1 theory,
one has to start with a multi-brane solution [9] inN = 2 supergravity, namely,
a two-scalar 5-brane described by F2 and F2(2). The metric for this solution,
which preserves quarter of the supersymmetry of N = 2 supergravity, is given
by
ds2 =
(
1+
k1
r
)
−1/7(
1+
k2
r
)
−1/7
dxµdxνηµν +
(
1+
k1
r
)6/7(
1+
k2
r
)6/7
dymdym .
(83)
For k1 = k2, the two-scalar 5-brane can also be viewed as a single solitonic
5-brane of N = 1 supergravity preserving half of the supersymmetry of this
theory. It should also be remarked that the ∆ value for the N = 1 5-brane is
2, as opposed to ∆ = 4 for the N = 2 5-brane, which is yet another indication
of a multi-brane origin of this solution.
Thus we see that an interesting phenomenon of supersymmetry enhance-
ment may occur when a single-brane solution of truncated theory can be
viewed as a particular limit of a multi-brane solution of extended supergrav-
ity. Notice that not only does one obtain a solution preserving more super-
symmetries, but one may also find a new stainless p-brane in the truncated
supergravity.
We now begin to examine in detail the stainless solutions (78)-(80) and
varify that they preserve half of the supersymmetry. To consider the super-
symmetry of the elementary particle solution (78), we make a 1 + 8 split of
the gamma matrices:
Γ0 = γ9, Γ
m = γm, (84)
where γ9 = γ1γ2 · · · γ8 and γm are numerical matrices with flat indices. The
transformation rules for the fermions become
δχ = −√7
6
e−B∂mφΓiγmε− 13 e−A−B+C−
2√
7
φ
∂mC γmγ9ǫijΓ
jε ,
δψ0 = 12e
A−B ∂mAγmγ9ε− 314 e−B+C−
2√
7
φ
∂mC γmǫijΓ
ijε , (85)
δψm = ∂mε+ 12∂nB γmn ε+
1
28
e
−A+C− 2√
7
φ
∂mC γmnγ9ǫijΓ
ijε
+ 3
14
e
−A+C− 2√
7
φ
∂mC γ9ǫijΓ
ijε .
Substituting the solution (70) into the equations above, we find that the
variations af all fermionic fields vanish provided that
ε = e−
1
2
A ε0 , γ9 ε0 = ε0 , ǫijΓ
ijε0 = ε0, (86)
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where ε0 is a constant spinor. Thus the elementary particle solution preserves
half of the supersymmetry.
To varify that the elementary membrane solution also preserves half of
the supersymmetry, we make a 3 + 9 split of the gamma matrices:
Γµ = γµ ⊗ γ7 , Γm = 1l⊗ γm , (87)
where γ7 = γ0γ1 . . . γ5 in the transverse space and γ1γ2γ3 = 1l on the world
volume. The transformation rules for the fermions become
δχi = −
√
7
6
e−B ∂mφ γ7 ⊗ γmΓiε− 16 e−B−3A+C+
1√
7
φ
∂mC 1l⊗ γmΓiε ,
δψµ = ∂mAe
A−B γµ ⊗ γ7γmε+ 27 e−B−3A+C+
1√
7
φ
γµ ⊗ γ7γmε , (88)
δψm = ∂mε+ 12∂nB1l⊗ γmnε+ 328 e−B−3A+C+
1√
7
φ
∂nC1l⊗ γmnε
+ 2
7
e
−B−3A+C+ 1√
7
φ
∂mC ε .
This solution preserves half of the supersymmetry provided that
ε = e−Aε0, γ7 ⊗ 1l ε0 = ε0 . (89)
It can be shown that a solitonic 6-brane solution (80) also preserves half
of the supersymmetry [11]. This solution, as was discussed above, is stainless
in N = 2, D = 9 supergravity, the reason being the absence of the required
one-index field strength in type IIA D = 10 supergravity [11]. However,
in D = 10 there also exists the chiral type IIB supergravity theory which,
unlike type IIA version, cannot be obtained by compactification of the eleven-
dimensional N = 1 supergravity, and which contains the necessary one-index
field strength. Recalling that the coefficient a in the exponential prefactor of
this field stregth is 2, and that d˜ = 0, one concludes, based on (73), that the
solitonic 6-brane of N = 2, D = 9 supergravity can be isotropically oxidized
to the type IIB solitonic 7-brane. A similar situation is encountered with
the elementary membrane solution which turns out to be a descendant of the
type IIB self-dual elementary 3-brane described by a five-index self-dual field
strength with a = 0. Thus, if besides eleven-dimensional supergravity one is
to include type IIB supergravity in the classification of p-brane solutions, one
necessarily arrives at a conlcusion that the elementary particle is the only
stainless solution in N = 2, D = 9 supergravity theory.
6 Conclusions
In this paper, we constructed and studied the extended N = 2 supergravity
theory in D = 9. The full action was obtained by compactifying D = 11
supergravity directly to D = 9. The method employed was the ordinary
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Scherk-Schwarz dimensional reduction procedure which gives an advantage
of constructing the lower dimensional theory in one step, as opposed to the
standard Kaluza-Klein step by step dimensional reduction, and also enables
one to consider compactification on a non-trivial group manifolds [12]. We
explored the stainless p-brane solutions to the obtainedN = 2 supergravity in
D = 9. Having derived the supersymmetry transfornation laws for the fields,
we were in the position to examine the sypersymmetry of the found stainless
p-branes. Discussing the relation of the N = 2 solutions to the N = 1
stainless solutions, it was observed that the stainless solutions of truncated
theory may or may not remain stainless in the extended supergravity. The
notion of stainlessness was discussed in the case when, along with D = 11
supergravity, type IIB supergravity was taken into consideration.
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